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INTRODUCTION
The dynamics of ligand binding to biological molecules is
important to our understanding of biological processes.
The experimental approach has classically been to measure
the time course of the reaction rate by monitoring a
spectroscopic marker. The data are then fit with an
expression containing a multiplicity of exponentials
because only simple cases, such as radioactive decay, can
be adequately described by a single exponential process.
The number of exponentials included is determined not
only by the number of distinct processes which are sampled
by the specific spectroscopic marker that is monitored but
also by the quality of the data which determines the ability
to separate similar rates in the fitting procedures. This
methodology has the underlying assumption that, although
each molecule is not identical to every other molecule at all
points in time during the reaction, these differences do not
have a significant or measurable effect on the reaction
rates or, alternatively, that the distribution around each of
the rates is within the error of the determination and
analysis. This method was first used by lizuka et al. (1)
and later by Chance and Powers et al. (2, 3) to describe the
low temperature recombination data of photolyzed car-
boxy-myoglobin. This method of analysis is compared with
three other physical models of the recombination process.
If the assumptions underlying the exponential analysis
(herein called model A) are not true for a particular
reaction, i.e., there is a distribution of reaction rates, then
the expression becomes more complicated. One such repre-
sentation is an integral over an exponential term, which is a
power law expression (model B) and was proposed by
Frauenfelder et al. (4, 5) for the recombination of ligands
with myoglobin using the optical absorption band at 436
nm and more recently by Frauenfelder et al. (6, 7) and
others using other visible and infrared bands.
If the rate integral is weighted by a function which
vanishes at zero and infinity and is otherwise well-behaved,
then the computed time course of the reaction can have
almost any arbitrary shape. Frauenfelder et al. (5), using
an inverse Laplace transform technique, have proposed one
such distribution (model C). This distribution was used as
a fitting function, varying the scaling and center of gravity
of the distribution as necessary for the best fit.
Lastly taking the suggestion of Stapleton et al. (8) that
the phonon dynamics of a protein structure is best repre-
sented by the mathematics of fractals, one can hypothesize
a similar nature for the recombination process. This leads
to a time course similar to the power law expression
mentioned above but, in this case, multiplied by a function
periodic in the logarithm of time (9, 10) (model D).
The conceptual difference between model A and models
B and C is significant. In the first, large numbers of
molecules function similarly although they are not identi-
cal in every aspect, whereas in the latter two each molecule
functions somewhat differently depending on its other
properties such that a large number of molecules represent
a distribution in function. Model D can be used to describe
either physical situation. Typical fractal mathematics
arises from the situation in which completion of a process,
e.g., ligand recombination, requires the sequential comple-
tion of a large number of subprocesses at statistical rates.
One can imagine a set of molecules with identical paths
leading to ligand recombination. If each path is composed
of many parts requiring varying amounts of time to
complete, fractal mathematics will result. Likewise, a set
of molecules, all different, with nonidentical paths leading
to the same point will exhibit fractal behavior provided that
the subprocesses comprising any one path proceed with a
wide range of individual rates.
Understanding the differences in these models is pivotal
in understanding the more complex biological processes,
and it is crucial that the systematic differences be recog-
nized. In this communication, the differences between the
application of these models are examined with statistical
techniques and comparisons using the data from the
Frauenfelder group (5, 7).
METHODS
The data were taken from Frauenfelder et al. (5, 7) by computer
digitizing methods where each data set for a given temperature was
digitized five times. Comparison of these showed that N(t) and t(s)
differed by <0.3% and individual analysis showed no differences within
the fitting error.
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All analysis procedures used a nonlinear least squares fit to the data.
The two-parameter correlation matrix and the eigenvalues and eigenvec-
tors of the Hessian matrix were calculated for each fit and the residuals
were examined. The goodness of fit was judged by the average (rms)
residual v2iR/N, where N is the number of points in the data set.
The exponential model (model A) is given by
N(t) = No E cqe-kq',
q
where No is the scaling factor which represents the degree of photolysis at
T =O and cq are the fractions having rate constants kq, respectively. The
maximum value of q was restricted to 4 because a well-defined minimum
could not be obtained at higher values, and this behavior is indicative that
the data cannot support additional parameters. The cq values mathemati-
cally determine No: when q is large, a range of values for these parameters
exist which cannot be discriminated by the rms residual or the respective
k values.
The power law model (model B) is described by
N(t) = No [1 + t/to]n,
where No is as just described and to and n are temperature-dependent
parameters.
Model C replaces this power law approximation by an actual integral
over a continuous distribution of exponential terms.
N(t) = f dE g(Eb) exp (-kbt),
where g(Eb,a) is the distribution function proposed by Frauenfelder et al.
(5). This function was permitted some rescaling and shifting of the
centroid to fit each individual data set.
For model D the form of model B was extended by including a factor of
the form
(1 + m sin [ln (t)/ln (tJ) + 4]),
providing modulation depth m, scaling frequency 1/ln (t,), and phase 0 as
additional fitting parameters. The exponent of the power law function,
given above as n, is then related to the Hausdorff dimension of the fractal
system (11).
RESULTS
Some of the results for fitting the models to the digitized
data of Frauenfelder et al. (5, 7) are given in Table I
TABLE I
BEST FIT PARAMETERS* FOR FOUR RECOMBINATION MODELS
Model At
Ti cl k, c2 k2 C3 k3 C4 k4 Rr1
K
30 0.02 4.1 0.04 0.083 0.94 0.00016 0.0033
40 0.04 6.2 0.10 0.097 0.86 0.00040 0.0037
92 0.32 2200 0.35 93 0.22 2.2 0.11 0.011 0.0138
120 0.59 26500 0.23 1720 0.12 80 0.06 2.3 0.0052
139 0.47 49000 0.38 4000 0.15 100 0.0086
160 0.57 180000 0.29 13000 0.14 460 0.0144
Models B and D
T n t m 1/ R,,
K
30 B 0.013 0.44 0.0038
D 0.019 1.68 0.0066 0.57 5.0 0.0024
40 B 0.033 0.31 0.0062
D 0.041 0.80 0.013 0.56 5.4 0.0012
92 B 0.22 28e-5 0.0109
D 0.22 27e-5 0.0038 3.6 2.6 0.0108
120 B 0.32 2.3e-5 0.0110
D 0.45 2.0e-5 0.037 3.3 0.50 0.0088
139 B 0.44 1.5e-5 0.0056
D 0.33 3.0e-5 0.034 5.9 5.8 0.0038
160 B 0.44 0.16e-5 0.0453
D 0.12 5.6e-5 0.077 7.2 1.3 0.0404
Model C
T Scale Shift Rr=
K
30 0.92 0.063 0.0032
40 0.84 0.049 0.0025
92 0.60 0.037 0.0060
120 0.60 0.038 0.0074
139 0.68 0.039 0.0050
160 0.67 0.032 0.0392
*The normalization No is omitted as it does not help distinguish between models. tc, is in fraction, kq is in s-', t0, t, are in s. 1Data for T - 30, 40, 92, and
139 K are from reference 7; data for T - 120 and 160 K are from reference 5.
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FIGURE 1 Residuals of the fits of the various models vs. time for six selected temperatures. Models A, B, C, and D are denoted by symbols 0,
+, -, and *, respectively.
together with the rms residuals, and Fig. 1 compares the
residuals for the four methods. To insure that the digitized
data and the fits to model B resemble those reported by
Frauenfelder et al. (reference 5, Fig. 12), the effective
activation energy E was calculated from the peak k values
(kpk = n/to), and the comparison is shown in Fig. 2. It is
clear that they are similar within the error.
From the residuals of the four fits at each temperature,
it is clear that the data can be fit almost equally well by all
the models. At every temperature, the integral over the
distribution (model C) and the fractal function (model D)
fit the data better than the power law (model B), but in
most cases only marginally better. Model D, of course,
would be expected to fit better as it has six parameters
whereas models B and C have only three each.
Fig. 3 is an Arrhenius plot of the respective k values and
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FIGURE 2 Comparison of the effective activation energy (RTlnKp4) vs.
temperature for model B (+) and that reported by Frauenfelder et al. (5,
Fig. 12) showing they are similar within the error.
errors using models A and B. It is important to note that in
both models, the slope changes abruptly between 80 and
92 K, indicating a transition region.
Until now the error inherent in the data has not been
explicitly considered. Certainly, the rms residuals are
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FIGURE 3 An Arrhenius plot of the results of fitting models A and B.
(Top) Effective k for model B as defined in the text. (Bottom) kq for
model A using three exponentials. The transition region near T 80K is
exhibited regardless of choice of model.
directly effected by this error. Frauenfelder et al. (5) give
this error for the 160K data and it is in good agreement
with the ±-8% difference between the two data sets at
140 K (5, 7). This difference is ± -4% for the two data sets
at 40 K (5, 7). If this error is also valid for the data at other
temperatures, then only a few points at the longer times at
some temperatures have error that is smaller than the
differences among any of the models.
DISCUSSION
It should be noted that all models express the major
features of the data. All indicate that the recombination
process involves more than one subprocess. However, only
one of the fractions in the exponential model (model A)
amounts to >10% at 30 and 40 K. Between 80 and 92 K, a
transition region is indicated by both the exponential and
power law models where effective k values can be easily
obtained. It is important to note that the effects of the
underlying physical processes exhibit themselves regard-
less of the model used for analysis.
It is often confusing to attempt to compare different
models having different functional forms and different
numbers of fitting parameters using only I R2. One tech-
nique which is useful in this case is to compare the values of
Mallows' statistic Cp (see, for example, reference 12). For
this statistic an estimate of the fitting error due solely to
random error in the data (s2) independent of fitting bias is
needed. Fitting bias describes the correlation among suc-
cessive residuals and appears as a very low frequency noise
component. Sometimes this effect is illustrated by plotting
the autocorrelation of the residuals (13). An estimate of s2
can be obtained with a so-called complete fitting function
(a nonphysical flexible function with an embarrassingly
large number of adjustable parameters), or it can be
estimated from several of the best fits, making allowance
for the presence of a small amount of fitting bias. The
latter procedure leads to an estimate that the overall
random noise component is about 4/s = 0.001. Fortunate-
ly, for comparison purposes, this method is not very
sensitive to this value provided a single value applies to all
the data. Then Mallows' statistic is given by
CzR2(N-p)-N 2
where the fitting function has p parameters and the data
has N points. If 2R2/N is the same as s2, then the fitting
errors are truly random, and Cp values for different fits will
cluster around the straight line Cp = p. When Cp falls
significantly above this line, the fit is dominated by fitting
bias. Two or more otherwise disparate models can then be
compared by the distance that Cp lies above the line Cp = p.
To compare fits having different numbers of points in the
data set as well as different numbers of fitting parameters,
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FIGURE 4 Mallows' method for comparison of fits using different
models. The number of fitting parameters is p, and Cp is defined in the
text. The slanted line is the equation Cp = p. The lower the value of Cp, the
better the model fits the data; any value not shown is off the top of the
graph. The models are denoted by the symbols: (O>) two-exponential, (0)
three-exponential, (0) four-exponential, (A) model B, (V) model C, (0)
model D. The numbers beside each point indicate the temperature at
which the data was taken.
that part of Cp arising from bias (that part above the line)
has been divided by N - p, and the modified statistic is
called Cp. Some of the resultant values of C, are given in
Fig. 4. The fits at almost all temperatures for all models
are seen to be dominated by bias. In addition one can see
that, among the best fits at various temperatures, no one
model clearly stands out as "the best."
It is unfortunate that published low-temperature myo-
globin photolysis data cannot clearly distinguish the impor-
tant physical differences among these models. The experi-
mental data can be considered to be consistent with any of
the physical models thus far proposed to describe ligand
recombination in myoglobin.
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